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There is a strong intuitive understanding of renormalization, due to Wilson, in terms of the
scaling of effective lagrangians. We show that this can be made the basis for a prool of
perturbative renormalization. We first studv renormalizability in the language of renormalization
group flows for a toy renormalization group cquation. We then derive an exact renormalization
group equation for a four-dimensional A¢* theory with a momentum cutoff. We organize the cutoff
dependence of the effective lagrangian into relevant and irrelevant parts, and derive a lincar
cquation for the irrelevant part. A lengthy but straightforward argument establishes that the picee
identified as irrelevant actuallv is so in perturbation theorv. This implies renormalizability. The
method extends immediately to any system in which a momentum-space cutoff can be used, but
the principle is more general and should apply for any physical cutoff. Neither Weinberg's theorem
nor arguments based on the topelogy of graphs are needed.

1. Introduction

The understanding of renormalization has advanced greatly in the past two
decades. Originally it was just a means of removing infinities from perturbative
calculations. The question of why nature should be described by a renormalizable
theory was not addressed. These were simply the only theories in which calculations
could be done.

A great improvement comes when onc takes seriously the idea of a physical cutoff
at a very large energy scale A. The theory at energies above A could be another field
theory. a lattice, spacctime foam, or anything else. The theory just below A should
be represented by a very general lagrangian in which the various terms have
coefficients of the order of A to the appropriate power to make the dimensions
correct. Consider the physics at an energy £ far below A. The non-renormalizable
terms. those with coefficients of A to negative powers, typically give contributions
that are suppressed by powers of A. This is true unless the non-renormalizable term
is embedded in a Feynman graph sufficiently divergent to make up for the small
coefficient. Power counting shows that the only r-point functions sufficiently
divergent are those which would be divergent even if they contained only renormal-
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izable interactions. We know, however, that the latter divergences can be reabsorbed
in redefinitions of the renormalizable couplings. Thus, to accuracy E/A the entire
effecct of the non-renormahzable terms can be absorbed in the initial values of the
renormalizable ones, and all quantities can be calculated in the resulting effective
field theory with renormalizable interactions only.

This idea is very nice, but sull perturbative and graphical in nature. Also. it does
not attempt to address the question of why arguments based on naive power
counting are correct, that 1s, why renormalization actually works. A further improve-
ment comes with the idea of smoothly lowering the cutoff. As this is done. the
effective lagrangian changes. The effective lagrangian at lower scales is given in
terms of its form at a given scale, and its change with scale is governed by a scaling
or renormalization group equation. Typically, as we scale down to smaller momenta,
the lagrangian converges toward a finite-dimensional submanifold in the space of
possible lagrangians. That is, the scaling transformation has only a finite number of
non-negative eigenvalues, with deviations in the orthogonal directions damped as we
travel to low momenta. These orthogonal directions are therefore termed * irrelevant™.
In the zero-coupling limit, the negative. irrelevant, eigenvalues correspond to pre-
cisely the non-renormalizable interactions. Since there is nothing discontinuous
about the scaling transformation as the couplings are changed. those eigenvalues
which were negative at zero coupling should remain negative at sufficiently small
coupling. This is equivalent to renormalizability. a connection which will be devel-
oped further in sect. 2. This understanding of renormalization is due primarily to
Wilson [1]. Ref. [2] lists an assortment of discussions from related points of view.

The classic proofs of renormalization in perturbation theory [3-5] are based on
the old idea of removing infinities. They involve detailed graphical arguments and
convergence theorems [6] that are rather far removed from the present intuitive
picture*. The understanding in terms of renormalization group flows is so com-
pelling that one must wonder whether it can be justified only by appealing to the
existing proofs. In fact, we will find that this is not so. Once we learn to discuss
renormalization in the language of renormalization group flows, a proof follows in a
straightforward way. We are concerned here only with perturbation theory, but the
proof follows the outline we would expect for a non-perturbative argument.

In sect. 2 we study a toy renormalization group cquation, showing how to divide
the effective action into relevant** and irrelevant parts. We show that the toy
equation describes a renormalizable theory. In sect. 3 we make concrete the idea of a

* We should mention in particular the proof of Callan and of Blacr and Young |5]. which uses the
renormalization group to simplify greatly the graphical arguments. This 1s still essentially a graphical
proof. as it is based on a skelcton expansion, and is global rather than local in momenta, as it uses
Weinberg's theorem [6].

** In standard usage what we call “relevant” is usually divided further into “relevant” and * marginal™.
Throughout this paper, “relevant”™ should be understood to mean *“relevant or marginal™.



J. Polchinski / Effective lagrangians 271

differential scaling of a cutoff, obtaining an exact renormalization group equation
for a A¢* theory with a momentum-space cutoff. Guided by the results of sect. 2 we
organize the action into relevant and irrelevant parts. Very simple bounds on
momentum integrals are sufficient to prove that in perturbation theory. the terms
identified as irrclevant really are. The detailed order-by-order argument is given in
sect. 4. It 1s then a short step to show that correlation functions depend on the cutoff
only through inversc powers.

The method extends automatically to any theory in which a momentum cutoff can
be used, and to composite opcrator renormalization. The idea is far more general,
however, and should apply for any physical cutoff. In the conclusions, we discuss the
extension to gauge theories and beyond perturbation theory.

The exact renormalization group equation for A¢®, as well as the understanding of
renormalization in terms of relevant and irrelevant operators. can all be found in the
work of Wilson [1]. Our contribution here is to note that these ideas can be used to
give a sclf-contained proof of renormalization in perturbation theory.

It might cause some confusion that the A¢* theory which we will be studying does
not actually have a continuum limit [7]. in the sensc that the bare coupling A%(A )
diverges when the cutoff A is still finite. The point is that A’(A ) considered as a
formal power scries in the renormalized coupling A® is perfectly well defined for a//
finite A, as are all other quantitics, and our results are concerned strictly with this
expansion. [t should be emphasized that two distinct properties of the renormaliza-
tion group flow are involved here. One is purely local: is the flow converging in all
but a finite number of directions? This 1s the crux of our present work. The second
concerns global properties of the flow: 1s there a starting point. for a given .\,.
which gives the desired value of AR at some fixed lower scale? The second question is
an interesting one. but the answer is always “yes™ in perturbation theory.

2. Renormalization group flows

In this section we study a toy renormalization group equation which describes one
relevant and one irrelevant coupling. This section is not needed for the proof in sect.
3. but is intended to illustrate the 1deas in a simpler setting. The two couplings are
£4. which is dimensionless. and g,. which has dimensions of (mass) °. These have
been chosen to correspond dimensionally to a 4-point and a 6-point function in the
effective action of a 4-dimensional scalar ficld theory. These couplings depend on
the scale A according to

dg
AT;=B4(K4~"2&)’ (la)

dg )
Agy=a Bolga Ag). (1b)
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where factors of A have been inserted by dimensional analysis. Define the dimen-
sionless variables A, = g,, A = A%g,, so that

dA
d—/{‘=B4(>\4,>\6). (2a)

dA
Ad—/;’—ZA6=Bh(A4,A°). (2b)

Take a particular solution of (2), (X, A4), and consider small deviations e, =X, — X .
Then, to order &,

de, 98, 9B,

Ad—A = 3A4 £, + a)\(’ € (3(1)
deg _ 9B, 9B,
Aga — 26— N, €4+ A, £g+ (3b)

where the bar means the quantity is evaluated at (A,, A4). The term —2¢, in (3b)
suggests that deviations in A are strongly damped (by O(A2/AZ)) as we evolve from
a scale A, to a much lower scale A. However, before a deviation in A, 1s damped
away, it will, through (3a), cause A, to run a little faster or slower than it otherwise
would have done. (Compare the discussion in the second paragraph of the introduc-
tion of the low-energy effects of non-renormalizable terms: A, enters only through
the effective value of A,). Fig. 1 shows the situation in the A, — A plane. 4, and 4,.
initially separated by a small amount in the A, direction, have evolved to B, and B,.
The point B, is ahead and remains so as we move along the trajectories. However,
there are other points on the B, trajectory, such as B;. which are much closcr to B,.
To expose this we write, again to order &,

dA, | dX,
£4:€4_ dA (84/ dA ):O* (4‘1)
dA, dAi,
e gl e/ S ) (40)
B, B,
AZ
B
)\8
z¢ A

Fig. 1. Neighboring trajectories in the A, - A plane.
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so that (£,,§,) is the vector from B, to the point vertically above on the B,
trajectory. (This is a convenient definition as long as B, # 0, so that the trajectories
do not turn vertical in the A, — A, plane.) Thus we find

Aiﬁ_«s_?_gé:{aﬁo B _, d

dA ax, T Ix, _AHI“B“}’E"* 5)

which integrates to

2 n ’ EY'3 YR
gﬁ(A)=56(Ao)(%)(%’;—°)))exp[": L ( () + <A'>). (6)

As long as we remain at couplings sufficiently small that the integrand in (6) remains
small and that the ratio of 8,’s runs sufficiently slowly*, the behavior of £, at small
A is dominated by A2/A2. Thus one would say that £, is an irrelevant parameter,
Two nearby trajectories approach each other strongly in the infrared. the separation
going as a power of A /A ,.

Fig. 2 shows the trajectories in the A ; — A, plane. As the initial conditions vary in
a two-dimensional space, the theory in the infrared lies very near a one-dimensional
subspace: as soon as we know A,. we know A,. to accuracy A?/A%. Actually, even
this one relevant parameter just marks where we are along a single trajectory: it 1s
transmuted into a scale.

Now let us relate this to the usual language of renormalization. Imagine starting
with a bare theory at a scale A, with A set to a particular valuc and A to zero; this
is the point C, in fig. 2. At a much lower scale Ay, we are at D,. at which A i1s
defined to have the value AR. Now consider a larger cutoff A%,. We can find another

== T

0. D,

34 AN c;\

Fig. 2. Convergence of trajectories in the Ay A planc.

* This is just the requirement that the anomalous dimensions do not overwhelm the canomical ones.
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point C,, lying on a longer trajectory, which at Ay arrives at D, where again A, =
AX *. We can proceed in this way, thus defining the bare coupling A, as a function of
N5, Ag. and A,. Now take A, — oo holding A and A§ fixed. We know that A,
depends on A only as A% /A%, so it approaches a limit. But this is just what we
mean by renormalizability: as we take the cutoff to infinity, holding the renormal-
ized couplings fixed, all other quantities in theory (in this case A, is all there is)
approach limits as inverse powers of the cutoff. Thus. renormalizability follows in a
very general way when dimensional analysis is applied to the renormalization group
equation for an effective lagrangian.

Two points should be made clear. First, it is not being said that A goes to zero in
the infrared - merely that its value is determined in terms of A,. Second, there is
nothing special about the A ,-axis in fig. 2, it simply corresponds to the way that
calculations are usually done. with only the relevant bare couplings non-zero. We
could use another curve in place of the A ,-axis to define our bare theory, correspond-
ing to bare non-renormalizable terms with coefficients characterized by A, to
negative powers, and the result would be the same. The one thing we cannor do is to
take A, to infinity while keeping bare non-renormalizable terms with coefficients of
inverse powers of some smaller scale.

Let us outline, in the context of eq. (2), the strategy to be followed in sect. 3 for
scalar field theory. Starting from initial conditions A, =A%, A, =0 at A,. eq. (2)
defines the functions A (A, A, A%). The vector

A A(AL A, N ). (7)

d
()T\O
satisfies the linearized eq. (3). because A d/dA, commutes with Ad/dA. Thus. as
with ¢, before, it should be nearly parallel in the infrared to the relevant trajectory.
We want to subtract off the relevant part. the part parallel to the trajectory. but will
do this differently from before. Rather than subtract off a multiple of the tangent
vector to the trajectory, we will subtract off an appropriate (A-dependent) amount
of

a
oA,

(AL AN, (8)

The vector (8) also satisfies the linear eq. (3). so it too should be nearly paraliel to
the trajectory in the infrared. Define, then.

vl
=, By (B o)

, . 9
dA, AN, ax’, dA, )

*In fact. it is not always possible to do this, sometimes X diverges for finite .\, However, in
perturbation theory. our eventual interest. A% always exists as a power series in A% (see the end of sect.
).
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so that v,(A)=0. v,(A) satisfies a linear equation similar to (5). and we can again
conclude that it is driven small in the infrared. The point of the definition (9) is that

d

U,(/‘)=AOW
0

A:(A~A()’}‘(:t(""‘,)\4~Ao))~ (10)

That is, it is the total derivative of A (A) holding A ,(A) fixed. For A = A itis the
derivative of the point D in fig. 2 as the bare cutoff is changed. Once we conclude
that 0,(Ay) is of order A% /A% times slowly varying functions, eq. (10) may be
integrated to conclude that A (A, Ay, A%(Ag. Ay, Ay)) has a limit as the cutoff is
taken to infinity. This is the usual statement of renormalizability. The quantity to be
studied in the next two sections is the analog of v,(A).

There are many more useful cxercises with thesc toy equations. Eq. (1) may be
solved order by order in gJ. Divergences appear, just as in field theory, which cancel
magically in renormalized quantities (those expressed in terms of g,, not g). Of
course. from the point of view of fig. 2, this is not mysterious at all. One may prove
this to all orders, starting from the linearized equation for ¢,(A), and one is led to
the same steps as will be taken in sect. 4. Finally, additional relevant and irrclevant
couplings may be added, with similar conclusions.

Let us summarize the relation between the flow of the effective lagrangian and
renormalizability, Suppose it i1s known that the effective lagrangian at low scales 1s
strongly attracted towards an n#-dimensional submanifold, where n is the number of
renormalizable couplings. Consider the » + 1 parameter theory defined by the values
of the n bare couplings and the bare cutoff A”. Then in general each point on the
n-dimensional submanifold is the image of a one-dimensional curve in the set of bare
theories. It 1s then possible (modulo the global questions discussed at the end of sect.
1) to take A" 1o infinity along such a curve, with the physics at a given scale thus
remaining fixed to accuracy of inverse powers of A°.

3. Scalar field theory
We will consider a scalar field theory in four cuclidean dimensions. with a

momentum space cutoff. The propagator is

(p?+m*) 'K(pi/ay). (11)

Here K( pz/:‘\z) is a general cutoff function which we will take to have the value 1
for p? < A% and to vanish rapidly at infinity. We define the theory by the propagator
(11) and vertices given by the interaction lagrangian

2

: |
Lm.=fd“x(ﬂ%p‘.’&(x)—%p‘z’(a,@(x)) 1Pt (x)). (12)
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The bare couplings. which we label p?. are usually called
o) =8m?, ph=Z-1, ph =X (13)

The system may be represented by a functional integral

7

Z(J)=qut>exp(f(;j ”)4[—%¢(p)¢(—p)(p2+m2)f< ey

+J(p)(—p)] + Lin(®)]. (14)

where J( p) is the external source used to obtain the #-point functions.
We wish to integrate out the high-momentum components of ¢, so that we reduce
the cutoff in (11) to a much lower scale A;. We will take

|m?] < Ag. (15a)
J(p)=0, for p2 > A%. (15b)

That is, A, 1s kept above the scale at which we are probing the physics. When we
integrate modes out, new effective interactions are generated. To see this, wnite the
functional integral with a general interaction lagrangian L(¢, A):

‘

Z(J. L,A)=fd¢exp(f (s ’;4[—%¢(p)¢(—p)(p2+m2)1< "pi/\)

+I(p)o(-p)] +L(¢,A))

Equ)expS(q).A)‘ (16)
$0 that
: K ' pr/A?
Ag%=,[d¢(f(j:;4[_%¢(P)¢(_P)(p2+m2)A ((91; / )}

+A%L(¢,A))exp$(¢,/\). (17)
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o o

(a)
Fig. 3. (a) Replacement of propagator with (d1/d¢)° vertex. (b) Reptacement of propagator with
(L7367 vertex.

If we choose

; —_ 4 4 5 2 l, (?K( pz/j\z)
A A 2fd p(27) ( p>+ m?) .\—-—-——aA

[ dL JL aL |

“\o(—p) do(p) T 36(m)de(-7) | (18)
then eq. (17) becomes
A= fona S fa * 5505
XexpS(¢.A)}=0. (19)

(Recall that, due to (15b). J( p) has no overlap with dK/dA.) This naive manipula-
tion is justified because there is a cutoff. We have neglected field-independent terms
which just change Z(J. L, A) by an overall factor.

Eq. (19) says that if the cutoff A is reduced and simultaneously the lagrangian
changed according to (18), Z(J ) and 1ts functional derivatives, the n-point functions,
are left unchanged. Eq. (18) has a simple graphical interpretation. As modes are
removed from the propagator, compensating terms must be added in the interaction
lagrangian. Graphs where the differentiated propagator connects two different
vertices, as in fig. 3a, produce the first term in the bracket in (18). while graphs
where both ends of the propagator connect to a single vertex, as in fig. 3b, produce
the second term.

Although the lagrangian might start with a simple form such as (12), at lower
scales it becomes quite complicated. However, at scales A far below A,. we expect
that a great simplification will occur. That is, no matter what initial lagrangian we
start with (within limits) the lagrangian will be strongly attracted toward a three-
dimensional submanifold in the infinite-dimensional space of possible lagrangians.
Three, of course, is the number of relevant or renormalizable operators, namely ¢,
$d%p, and ¢* *. A convenient set of coordinates for the submanifold is obtained by

* For simplicity we keep the symmetry ¢ — —¢.
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expanding L(¢, A):

a1 d'p,...d*p,,, /
14(‘15’/‘)‘"?;1 (zm)|f (zw)gm 4 L2m(pl. """ p?_m'A)
x84 L5, )6(p1)--6(pam). (20)

As always, we ignore the m = 0 field-independent piece. Then define

o (A)=—L,(0,0.4), (21a)
1 3’

pZ(‘/\)= - § aplLZ(pl‘ _pl“'“ )|p,=—()‘ (21b)
1

p(A) = ~1,(0.0.0,0, A). (21¢)

Note that in the approach we are taking, massless particles are no complication: (21)
will be suitable even if m = 0. We emphasize that on the submanifold. the lagrangian
is not expected to have any simple form such as (12), but that once the three
“coordinates™ (21a-21¢) are given, the rest of the action is fixed.

We need to divide the flow of the lagrangian into relevant and irrclevant parts.
Consider the vector (in the space of lagrangians)

0 .
A(,aT“Lw,.A,A(,.p"). (22)

where the dependence on the initial condition (12) 1s written explicitly. This vector
satisfies the lincarized equation

: _‘9_ ( dL | = _ 1 4 4, (?_I{ 2 2
Agq (.\(,& : ‘)_ L ap(2m)*a x (Pt m?)
(. AL a ( oL ) d* [ dL }
X2 — 1 A + A .
\"de(-p) de(p) P aA, 3qb(p)8¢(—p)( A, |
(23)

which we will abbreviate:

a9 | aL oL
Aﬁ(/\()ﬂ(—)) = ‘M(x\()m). (24d)

!
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and in particular for the parameters (21),

d dp, AL
; , a | y ' 4
VoA (4“ aA[,) Mﬂ( Yo «?A(,) (24b)

At small A, the vector (22) is expected to be very nearly parallel to the three-dimen-
sional relevant submanifold. So are the three vectors

a
—L(¢ ALAy, P) (25)
ap,)

which also satisfy eq. (24). Thus, if we form the linear combination of A dL/dA\,
and dL/dp) which vanishes in the three directions (21), it should be driven very
small in the infrared:

IL(A) < IL(A)  do; dp, ()

V(A)=A ¥
( ) [0] a "0 = ()p:l) 8Ph ( A ) 0 a‘\ 0

(26)

Here dp!/dp,(A) is the matrix inverse to dp,(A. A, p%)/dp’. This inverse always
exists in perturbation theory, as the zeroth order term is just §,,. V(.1) satisfies the
linear equation

v (A) AL(A) (A))_ dea dp,(A)
A L~ Mm|A A
oubl U el R bl Ervey it

5 JL(A)  do, (H_L) o, dp,(A)

£
a. boo.d 3P2 apb ( "l\ ) (?p? 3[)(/ ( /\ ) v (?x" 0

(A) 3o ( aL(A)’
-MiA,—
uzh 3P,, dp,(A) § _ Y 94, )

_ B AL(A) 9p]
M(V(A)) ,§, 200 dpy(A)

M,(V(A)). (27)

using the linearity of M. Eq. (27) is our key. It is an equation linear in the quantity
we wish to prove irrelevant, analogous to eq. (5). When (27) is written out explicitly,
it will contain complicated non-linear terms involving products of ¥ with L. The
exact form of these terms no longer matters, however, for these terms are the ones
which vanish fastest when the coupling 1s made small. Thus, at sufficiently small
coupling, the infrared behaviour of (27) will be dominated by the purely linear
terms. These terms drive V to zero according to its canonical dimensions, since we
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have constructed V' so that all pieces with dimensions of mass to non-negative
powers are absent. We will prove that this is true in perturbation theory. The point is
to show that the anomalous dimensions are couplings times powers of logarithms, so
the integer canonical dimensions dominate.

In order to put bounds on V, we will need bounds on the running lagrangian (20)
and its first four-momentum derivatives, on the quantity

JL(A) _ - dL(A) 0
dp,(A) T 90 dp(A)]

(28)

which appears in (27), and its first four-momentum derivatives, and finally on V" and
its first four-momentum derivatives. We will obtain some further results about these
quantities, and then proceed in sect. 4 with the order-by-order proof. The cutoff
function K( p2/A?) will be taken to have the form such as

1. pr< A’
K(p2/A%) = Cexp|(1-p7/%) 'exp((a-p?/a%) ')].  A%<p?<an’
0. pl = 4A?,

(29)

which has been chosen because it is infinitely differentiable. but its derivative
vanishes except for A® < p? < 4A% *. Define

L% k(pya), (30)

,/\,mz =~_;—.) -
Q(p ) (p“—f—n]') d‘\

One may easily verify that there are constants C and D, such that for [m?| < A; < A,

4

f(j p)4|Q(p.A‘mz)|<C;\“’. (31)
w

J" ) |
—Q(p. A.m)<D,A ", (32)
” ap )]

* It might cause some concern that egs. (16), (17) and (19) refer to K '(p). yet K(p) ix taken 1o
vanish for p° > 442 In fact the n-point functions are still invariant under ¢g. (18), as mayv be seen by
considering K( p) as the limit of a K( p) which nowhere vanishes. Since the propagator (11) and the
effective lagrangian (18y involve only K¢ p) and not K '{ p), this limit is smooth and the invariance
of the n-point functions under eq. (18) for K'( p) implies the same for K( p). It is also possible to carn
through the whole proof with k(p). but then a different norm from (33). with a non-zero weight
function falling off as p = 2. must be used.
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The notation || || will be used often. It is defined

WCpree P A= max |f(py.....p, A (33)

pr<4nc

for a function of one or more momenta. This is a useful definition because the values
of the effective vertices for p? > 4A? are meaningless, the propagator vanishing in
this range.

Now write the renormalization group equation (18) in terms of the dimensionless
functions 4,,, = A*™" %L, ., where L,,, are the component functions in (20):

3 \
(A;?“—‘+4—Zm)Azm(pl,...,pz”,‘A)
--y {Q(P.A,mz)Az,(pl ..... Py 1 P A)
/=1
1/ 2m ) o
TS VA B 25 IR v, — B + = — P S
XAy, 2 2Py Popms —PoAY) 2(_21__1 lpcrmutalmnsl
1 d4p ;
_:f(Z 1)4’42»1.2(/)1 ----- ])2,,,.[).—p..l)Q(p.:\..m ). (34)
7

where P = Y% 71p . Referring to (31) and (32) gives
1=1 P,

MA§%+4—mﬂAhxm ..... pMUUH

- [1( 2m > AN L e _
g:l_:] 12(21_1)1)()”/42/(‘4‘)” ”AZmr’ ]/("\)H/‘*—_‘(HA2111~2(‘\)H'
(35)

Eq. (35) shows the simpliaty of the present approach. Because the momentum
integrals encountered arc always restricted in range. they may be ¢stimated naively.
replacing 4, ,, _,( p,) with its maximum value. Thus. the detailed momentum depen-
dence no longer enters and cq. (35) is nearly as simple as the equations in scct, 2.
From (35) one can see the strategy that will be followed in the inductive proof. At
any order in perturbation theory, the non-linear terms on the right-hand side of (35)
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will aiready be known. At each order it is then necessary to proceed inductively
downward from large m, so the linear term on the right will be controlled (at any
given order A4,, vanishes for large enough m).

Now consider

R _
(ap,p. - aplu)Aan(pl“"‘p2m"/\): a;‘,/A?_m' (36)

Only such a difference of derivatives makes sense, as A,,,( py,....p,,,. A) 1s defined
only for X, p, = 0. Acting on eq. (34) with 3% ; and proceeding as in (35). it follows
that

d
”()\ET—*_4 zm)alp://llm(pl """ p?,m*‘/\)')

m -1
<X {5577 )2 Mz (A ()

20182, Ay ()12 2 (DI} +ECUE A (AL

(37)

Again this will involve only lower orders or larger m. Similar results hold for any
number of derivatives acting on A4, .

Turning now to the quantity dL(A)/dp,(A), eq. (28), one finds, using the fact
that M is a linear operator,

§ [ OL(AY\ [ AL(A) 9L(A) )
"‘aA(apb(A))—M(ap,,(A))% (A) (f’h)h(A))' (%)

Definc an expansion in terms of dimensionless functions B,

2m*

/ A4 -2m 28,

D
[\
=
—
N’
MR

d*p,...d%p,,
f (21 )x,,,_: By am(Prve Py A)
T

XS‘(Zr:p;)¢>(p1)---¢(pzm)- (39)
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Eqg. (38) becomes

(Aa—i\—+4—2m—28m By 3 ( prevepams )
=—/§ {Q(P.A.mz)Az,(pl ..... Py - POA)
XBpams 23 Pageeees Pams — P A) +(2!,2T1 ) -1 permutalions}
4

:f 4Bh,211102(p]""*p2m' p.—p.AYO(p. A m?)
(2'71’1’\)

d* .
+Bl.2m(pl*"'*p2m"x\).l‘f(2 /;1)4 1311«4(0‘0~ q. ’"‘{~\)Q(‘{v ‘,'\.'n-)
T
A?
+BZ.2m(pl """ pZm*‘l\)E

(27A)" 9q;

+B‘ ’m(pl """ plm &)L

d“q

xf—-———4 B, (0.0.0,0.9. —¢.A)0(g. A. m?). (40)

(27A)
so that
J ‘
”(“\ ﬁ_ + 4 - 2’” - 28/71 ) Bh.:m( p] “““ plm' \)”

HIR

2 .
S Z {(2/?1 )D()||A2/("1)”'”Bh_z,,,A_7 2/(;\)”},

+ §(~||Bh.llu -2('4 )” + i‘c‘“Bl,Zm(‘\ )“ .“BILA("\ ).!|
+ CAN By, (A 1[04, 08B, o (A))]
+ 1 Cll By o, (A IB, (A)]) (41)

Similar results, parallel to (37). hold for any number of derivatives acting on 8, .
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Finally, expand V(A) in dimensionless functions V;

d*p,...d%,,,
,[ (21 )8m—42 VZm(pl’“"pzm,x“)
T

x84 (L p,)o(p)-- 9(pay). (42)

'd -1
A4 2m

V(a)= L (2m)!

ma=1

Eq. (27) becomes

d
(ATA—+4—Zm)Vzm(pl ..... Pams )

=-3 {Q(P.A‘mz)AZI(pl""!pZI—l‘P‘A)
=1

X Vomea-2{ PapeeresPams — P, A) +(2f'_"1 ) -1 permutations}

d*p
— 3 Vo2 Pro P Py P, A)Q( P A M)
f(zm)“ Rt A

d4
+Bl.2m(pl""’p2m* A)llf (2 /‘\1)4 V4(0~0’ q. 4. A)Q(q' “‘\’ ml)
k(P

A dY
167 (274)*

+B, 0 ProesPamy A

2
Vilgr. — 1.9, —q,A)|q'=OQ(q,A,mZ)

X 9
dqi

d4
+B3.2m(p1""’p2m’A)l§f g

(27A )4

X ¥,(0,0,0,0,4. —q, A)Q(q. A, m?). (43)

< I:Zzl {( 2[2211)00||A2/(A)” Wamia- 2/("’\)”}

From this

d
“(Am*—4_2m)V2m(p1""’p2m‘/‘)

+3CIVy s 2 (A + ACI By 2, (A= IVa(A)]
+ 11€CA2“BZ.2m(A)H : ||3i‘.23i“2V4(A)H
+3C|| By 5, (A1 -1V (A, (44)

and so on for any number of derivatives.
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4. Perturbative renormalization

In this section we will prove, in perturbation theory. that ¥ () is driven to zero in
the infrared. At the end of the section we give the steps needed to convert this into a
statement of the cutoff-independence of n-point functions.

Theorem. Consider the ficld theory defined by the propagator (11) and vertices
(12). Decfine the cffective lagrangian L(¢. A, A, p") and the relevant parameters
p, (A, A, p") as before. Define p(.Ag. AR, A,) implicitly by

py(Ar.Ag.p") =0, (45a)
p,(Ag, Ay, 0") =0, (45b)
p(Ag. Ay %) =N, (45¢)

Then order by order in perturbation theory in AR, the limit

lim L{o. Ag, WA )=L(¢. Ag. R ). (46)

Ao~ =<

exists, where L{¢. Ag. AR, Ay) = L(¢, Ap, Ay p°(Ag. A®, A ). and at rth order in
Ag.

||[“2,n]|(“\R‘ "\()) - i‘('_’rn)r(AR‘ w)”

(AN,
TR) PY m(In(A/Ag)). r+1-m>0
(S

X
\=O, r+1-m<90,

=

(47)

n

where P i1s a polynomial of degree 2r — m whose coefficients, taken to be
non-negative, are pure numbers*. The degree of the polynomial is not essential to
the proof and the reader is free to ignore the superscript on P throughout. We retain
the degree only because it is easy to do so: in fact it can be reduced to r + 1 — m. but
this requires distracting additional steps.
Note that egs. (45) actually do define p! implicitly in perturbation theory. for at
order r in Ay the left-hand side of (45) is p” plus terms which are already known.
Lemma (i). At order rin AR,
188 3t Ay Pa MK ATPPY "(In(Ag/A)),  r+1-m>0.

ettt 17 2m

=0, r+1—-—m<20. (48)

* P" is defined to be zero for n < 0.
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Proof of lemma (i). Note that the initial value of A4,, . at A, is defined by eq.
(12). so the LHS of (48) vanishes at A, form > 3, form=2,p> 1, and for m =0,
p = 3. The lemma is trivially true for r = 0, as (45) implies A4, = 0. Suppose it to be
true for r=s—1, for some s > 1. We now proceed downward in m. The lemma is
true for m > s + 2, that is A%) then vanishes, for the operations shown in fig. 3 could
have linked together at most s vertices, leaving 2s + 2 external fields™. Suppose it is
true for m = n + 1. The right-hand side of (35) at order s is

n s—1
2% {4, )RR 1488 5 (OIS (DI (49)

/=11=1

All quantities in (49) are bounded by the induction hypothesis, so (49) is less than or
equal to

Z Z P I(IH(A()/)‘R))PZX ol l(ln(ﬁn/AR))'*Ph_ ! l(ln("\“/'\“))
1-1 =1
= P27 YIn(A,/Ag)).
(50)

In a similar way, all quantities on the right-hand side of (37) and the corresponding
equations for higher derivatives are bounded by the induction hypothesis. so

H(/\m+4—2n)dj‘l'_“...df;ﬂ_ij‘j‘,,’(pl ..... p;,_,,.A)HgA\ PP (A, AR )).

(51)

Integrate (51). Forn >3

||9“ n’ dl“ A(‘)(pl ’[)2»1“")”
’ ‘\“d‘_\r . ‘_\ nep 4
< ‘,\ [)PZ.\’ n- 1 l ".\ .‘\ N )
< (In(A /Ay ))f\ v ( kY
<A P2 Hin(A\/AR))
<A PP "(In(Ay/AR)). (52)

* It is curious that this one simple fact cannot be determined from eq. (34). To sec the problem.
consider the simpler system df.(x)/dx=f,, (x) i=1..... oo. f,(0)= 0. This has many solutions,
suchas 7 (x)=0,0orfi{x)=exp( 1/x%), fr(x)=2exp( 1/x%)/x*... . Eq (34) becomes complete
with additional information, such as the vanishing of AY)) for large m.
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This establishes the induction step down to n = 3. In the same way it carries to n = 2,
p =2 1, but for n =2, p =0 there is an extra term from the initial value of 4,. and we
proceed differently. By (51),

A%AQ"(O,O.O.O.A)RPZ-‘ (A, /AR)). (53)
< |

Integrate (53) up from the initial value A" = —8* at A = A, eq. (45¢). to obtain
1457(0.0.0.0. A)] <8 + P2 (In(A,/Ag)) =P 2(In(A,/Ag)). (54)

Now reconstruct A}’ via Taylor’s theorem:

) ! !
APy pae Py pae A) = AY7(0,0,0.0. A) + 3 pfp;f dA(1-1)
oy 1 0
X(Bﬁ‘,aajﬂﬂk“’(PLPé-l).%‘Péa-\))l,,ux,,- (55)

Both terms in (55) are bounded by P2*~ 2(In(A /Ay )). the first from eq. (54) and
the second from eq. (52) for n = 2, p = 2, 5o the induction step follows for all of A}
Forn=1.p > 3, egs. (51) and (52) follow immediately, while from (51),

(A% +2)45(0,0, A )|< P 2(n(4,/45)),

<SATPE 2(In(A/AR)) . (56)

a 14 S ’ ’
’(/\ﬂ * 2) 20} 2 4% '(pi. PS5, A)p;=p9=o

Again integrating up from the initial conditions (454, 45b) one obtains

457(0.0, )] < P> “2(In(A4/AR)).

10,87 245 (1. P31 A) jicpind <A 2PE HIn(Ag/AR)). (57)
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Now use Taylor’s theorem to reconstruct A%:
AP (P —py A) = A48(0,0, A) + L ptpi (81,07 ,45°( P p3 A)) i pamo
+ptpinipt [ AN (-2
: 0
x ( ai‘.za;’.zaf.zatzf’(zv)( P1.op3 A ))p;-— —pi=Ap,* (58)

Eq. (52) for n =1, p = 4 and eq. (57) establish the induction step for n = 1, and the
lemma is proven.

It is somewhat contrary to the spirit of our proof that we have had to integrate up
from Ay and not just down from A, and this deserves some comment. In the case
of 4,(0) and 3%4,(0), this was just a convenience. The initial conditions for these at
A, involve p} and pY, so proceeding as we have, we avoid carrying p} and p$ around.
(This is also why In A appears so early: it comes entirely from the dependence of o5
and p§ on In(A,/Ag).) In the case of A,(0). however, integrating from Ay was
essential. The point is that our theory is not actually on a typical trajectory. On a
typical trajectory, 4,(0) ~ A% /A%, that is, the scalar mass is of order A . and this is
all we would have learned integrating down from A,,. By imposing (45a) we have
forced the initial values of p to be finely adjusted so as to produce a scalar with
m << A,. We must therefore integrate up from (45a) to produce the needed bound
on A,. This is of course the famous naturalness problem for light scalars [8].

Lemma (ii). At order r in AR,

||(’):‘|I/| '-a’“/:" Ipr()fém( pl """ pZIn* A )” s A [’sz '"‘1"'5,:,\("1( A'\(I/‘\R )) -
r+2-mz0.

=0. r+2—-—m<9Q. (59)

Proof of lemma (ii). From the definition (28). the initial condition is

ri
Bh.:m( pl """ le‘ “l(i) = - 8/)18»1] - 6fv26ml \_; - 8:‘-361112 - (60)
R0
This also gives the full zeroth-order term.
B™, ( A)=-6§,8,—98,.6 p—l:—-'d 1) (61
pam\ Pre- - Papm- - - mYml h29%m1 1: p3Ym2 )

as may be verified by inserting (61) into (40). Thus the lemma is established for
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r = 0. Note that the definition (28) gives certain parts of B, exactly:

B{1(0.0.A) = —57%,,. (62a)
L0y B Py pa Ay py-0 = — 2879648, (62b)
B{3(0.0.0.0. A) = —88,,. (62¢)

Suppose now that the lemma 1s true for r =5 — 1, for some s> 1. Again proceed
downward in m. The vanishing of B}*},, for m > s+ 3 follows from the definition
(28) and the vanishing of AY) for m/5+2. Suppose the lemma is true for
m=n+ 1. Eq. (41) becomes

u ’\——+4 2n— 26,,1)8;:.?.)'::1(p1 ~~~~ p’n‘A)”

< Z (2 )Pl A 1B )

+ACUBYS, LA+ AC 2 IBUL (- IBY, (A

=0

s 1
+ 1 CcA® Z ||Béll (A M- ||‘9T.23f_231(7f4_ (A )|

an
(— 0

+1C Zu& LADIBS OO (63)
(=10

Because of the zeroth-order term (61), there are some terms on the right side of (63)
which involve B’ and not just B ", and so are potentially not bounded by the
induction hypothesis. These are the last three terms when ¢ = 0 and the third to last
term when ¢ = 5. The latter problem involves only » = 3 and the unknown bound is
on Bi’) . so there is no problem if at cach value of s and n we bound B|*), before
Bi{*),. The former problem is not present if # = 3. becausc of the form of (61). so for
nz3

“(xﬂw— =28, B, (P /)3,,..\)“

n \

<2 L AP In(Ay/A)) PR 0 e (in(A /A ) )

{11

5

+ P2 (In( A, AR )

F TP (A ) P eI, )

r=1

+like terms < P*° " (In( A /AR )). (64)
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In a similar way,

d
( /\ BA + 4 2" 28"1)8:‘1]/1 af‘ /,,B;:gn( pls --vp2nv /\) H

SATPPE mOn(In(Ay/AR)).

(65)
Integrating
192, 9% B ( Py Pags A
K d/\l /l \2'1+28M’[)—4
<A PPE I (In(A /A “——(—)
(n(Ao/ar)) [ |
SATPPET T (In(A/AR) (66)
R

which establishes the induction step down to n = 3. Once (66) is known for B}’!, the
right-hand side of (63) is bounded for n = 2 and (64) and (66) then follow for n = 2.
Then with (66) for Bf’), (63) is bounded for n =1 and (64) follows; eq. (66) now
follows for n =1, p > 2 and with (62a) the rest of B{’} can be reconstructed using
Taylor’s theorem, completing the lemma.

Lemma (iiij. At order r in AR

AN oo
lla¥ a'u’" Vi (ProeeosPam A< A P(_) P ™(in(A,/AR)).

e y’” A(J
r+1—-m=20,

=0, r+1-m<0. (67)

Proof of lemma (iii). To obtain the initial condition on ¥V, given the definition
(26), use

/\”-B;T(,L(q Ao’ )|\—\“+‘ a‘L(\ ‘0* )|\-\[,
7,
= Az LA 20.0) =0. (68)

so that with eq. (51) of lemma (1), the initia} condition satisfies

1980, 0, V(P Pams A < AG PP =7 HIn(A /AR ),

r+1-—mz=0,

=0, r+1-m<0. (69)
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Also from the definition (26). it follows that VS = 0. Suppose the lemma to be true
for r =5 —1,somes > 1. Again we argue inductively downward in m. The vanishing
of V) for m > s + 2 follows by the same argument as for 4%). Suppose the lemma
to be true for m > n + 1. Then from (44):

M a/\+4 2")V2(r:(pl9 . ‘p?.n’A) H

2

E {5 Pl A AW 2y (A0 + A CIH ()

/=ll
+1C Z{ B, (A Ve ()

+ AP B, (A 119% 08,10 2(A))]

+H B, (A IV 2] . (70)

As in lemma (ii), the induction hypothesis bounds the right-hand side of (70) if the
1 =0 terms vanish. In particular, for n = 3,

. v ."\ \?
(\—+4 ZH)VZ‘"’(p] ..... P, .A)‘ s(—) PE" Yin(Ay/A))  (71)
(’)l\ n n ‘,1()’

and with derivatives

9 , ,.
ﬂ( 30—\—+4 2")dﬁ'.“---aft,"./,.Vz(h)(Pl ..... pz,,..X)H
) ’ A % 25 on 1
<A (\) P " (In(1,/A¢)). (72)
Lo

Integrating (72) gives

A,
Nan, ...k, Vil (pyo.... Pan- ) A /’(\—) P2 HIn(A/AR))
VAR

SR

Imep o 4

+A /"——) P> HIn( A,/ AR))

c0
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(the last term is from the initial value (69))

2

A’\ b IS
<A p(x_) P2 "(In(Ay/Ag)). (73)
Ao

establishing the induction step down to n= 3. As in lemma (1), eq. (73) for n =3
gives us eq. (71) and (72) for n=2. Eq. (73) then follows for n = 2. p=2 but
V,(0,0.0,0. A) is known (it is zero by construction) and Taylor’s theorem establishes
the induction step for all of n = 2. Eq. (71) and (72) now follow for n=1: ¢q. (73)
follows for n =1, p > 4. Again, n = 1, p = 0 and p = 2, vanish by construction at zero
momentum and we use Taylor’s theorem to establish (73) for all of n =1 and the
lemma is proven.
Proof of theorem. By definition of V.

d
V(ig. Ag. AR Ay )= A(,El.w. Ag. Ao, 0% (AR AR AL)). (74)

so that integrating (74) and using lemma (iii).

“L(r)r( /‘R*‘ ) LZm( /\R‘AIU)”

Xy d\’(’)

— A4
- AR A’
Ay Yy

i (Ar. A%)

| %)

-

P m(In(AY/Ag }

r+1-m>=90,

AV Ap |’
‘4 an{(T) pir m(]n(A(,/AR))_(T\/_:/

r+l1—-m<0.

The existence of a limit (46) with the property (47) follows from clementary
properties of limits (Cauchy's criterion), completing the theorem.

Ultimately we are interested not in the effective lagrangian but in the n- point
functions. A general n-point function G(Ay, Ag. A%) is defined initially with the
propagator (11) cut off at A, and the bare vertices (12), with p) defined as a function
of AR by the renormalization conditions (45). The point of integrating out modes was
that we get the identical answer if we use P(p, Ag) cut off at A, and the vertices of
the effective lagrangian at A . Thus at order r, G”(A,, Ay, AR) is given by a finite
number of terms of the form

fd‘”pL%")(AR, 0). Ly‘)(AR’AO)P(P1~AR)---P(P,,~AR)’ (76)
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where 2r, = r. Thus, at order r in AR,

[G(A) - G ()] < (fd“’p P(pi.Ag)...P(p, Ag)

X' ’(Zrl;x)l(AR‘ A())' .. I‘g’r;a’;(“\R* ‘/X(J)

—[:(erll)](AR*OC)"'L(JC;IZ(AR'OC)“- (77)

The separate integral over the propagators has no A” dependence and is obviously
convergent for m?> 0, converges at m =0 if we avoid the IR divergent point
Perierna = 0. and converges for m? < 0 if we shift to the correct minimum. The shift in
the last case is no problem, as the thcorem for L(¢. Ag. AR, A,)) implies the same
result for I.(¢ + o, Agr. AR, Ay). The difference in lagrangians in (77) i1s bounded by
the theorem. so

[G'"'(Ay) =G (se)j <A, * X polynomial in In(A,/Ag)
X finite, A y-independent quantities (78)

and so the n-point functions have limits as A, — =, which they approach as 1/13,.

5. Discussion and conclusions

The argument leading from the linear equation for V(A), eq. (27). to renormaliza-
bility. eq. (78). is lengthy. We claim, however, that the result was a foregone
conclusion, for the reasons discussed following (27). Once loop integrals can be
treated naively, as in going from eq. (34) to eq. (35). the difference between the field
theory and the toy equations such as in sect. 2 all but disappears. Since the tov
equations can be understood even for small finite coupling, we alwavs had a map
through the perturbative woods.

Two things that we have come to expect are missing from this proof. The first is
Weinberg's theorem, which justifies naive power counting for multiloop Feynman
graphs with many potential subdivergences. The second is a discussion of such ideas
from graph topology as skeleton expansions and overlapping divergences. The point
we have tried to make is that renormalizability 1s a general property which does not
hinge on these particular technical points. In our case. naive power counting for
integrals was justified because they were always over the limited range A% < p* < 4.A°.
The renormalization group cquation automatically disentangles the overlapping
divergences, for in building an arbitrary Feynman graph with the operations shown
in fig. 3. it always constructs the subgraphs with the largest momentum first.
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The method here can be applied to composite operator renormalization as well, by
including €, 0, (O, = composite operator) and identifying the terms of order ¢ in the
effective lagrangian. Operators of any dimension can be studied, since by including
in the bare L all operators (of given symmetry) up to dimension &, we may separate
from V not just the relevant parts, but the subleading parts up to A%, <

The proof here extends immediately to any system whose symmetries are pre-
served by a momentum-space cutoff. The principle 1s very general. however, and
should apply to any physical cutoff, such as Pauli-Villars for abelian gauge theories
and the lattice (probably with discrete rescaling) or higher covariant derivatives for
non-abelian theories. The main problem is to obtain the renormalization group
equation appropriate to the cutoff. It is unclear whether dimensional regularization
can be adapted to this purpose, as in that case it is d — 4 and not the scale p which
plays the role of cutoff. It may actually be possible to treat gauge theories with a
momentum-space cutoff*. The point is that a momentum cutoff need not change the
physics, as the missing modes can be replaced by cffective terms in the action. In
terms of the new action, the gauge invariance should still be present in some
disguised form.

Our key equation (53) and its component form (60) were derived without using
perturbation theory in an essential way. It may be possible to make some progress
understanding these at finite coupling, starting perhaps with truncated versions. Of
course, for a A¢* theory at finite coupling the continuum limit cannot actually be
taken, as discussed at the end of sect. 1. but it may be possible to cstablish more
limited results.

I am indebted to C. Arabica, D. Friedan, and J. Preskill for inspiration. I would
like to thank S. Coleman. S. della Pietra and N. Sakai for suggestions on the
manuscript.

References

(1] K.G. Wilson, Phys. Rev. B4 (1971) 3174, 3184;
K.G. Wilson and J1.GG. Kogut, Phys. Reports 12 (1974) 75
(2] L.P. Kadanoff, Physics 2 (1966) 263
J. Glimm and A. Jaffc, Fort. Phys. 21 (1973) 327,
E. Brezin, J.C. Le Guillou and J. Zinn-Justin in Phase transitions and critical phenomena, cds. C.
Domb and M.S. Green (Academic Press, London, New York) 1975;
T. Appelquist and J. Carazzone, Phys. Rev. D11 (1975) 2856
S. Weinberg. Physica 96A (1979) 327
3] F.J. Dyson. Phys. Rev. 75 (1949) 486, 1736;
A. Salam, Phys. Rev. 82 (1951) 217; 84 (1951) 426
[4] N.N. Bogoliubov and O.S. Parasiuk, Acta Math. 97 (1957) 227,
K. Hepp. Comm. Math. Phys. 2 (1966) 301;
W. Zimmermann, Comm. Math. Phys. 15 (1969) 208

* I would like to thank D. Friedan and S. Shenker for discussions of this point.



J. Polchinskr / Effecure lagrangrans 295

{5] C.G;. Callan, Jr.. Phys. Rev. D2 (1970) 1541:
A. Blaer and K. Young, Nucl. Phys. B&3 (1974) 493
C.G. Callan, Jr., in Methods in field theory, eds. R. Balian and J. Zinn-Justin (North-Holland. 1976)
[6] S. Wceinberg, Phys. Rev. 118 (1960) 838,
Y. Hahn and W. Zimmermann, Comm, Math, Phys, 10 (1968) 330
[7] J. Frohlich, Nucl. Phys. B200[FS$4] (1982) 281
[8] S. Weinberg, Phys. Rev. D13 (1975) 974: D19 (1979) 1277
[.. Susskind, Phys. Rev. 1D20 (1979) 2619:
K. Wilson, Phys. Rev. D3 (1971) 1818



