Homework 8 Solutions

Problem 1: The 5 and 10 representations of SU(5) decompose into repre-
sentations of SU(3) x SU(2) x U(1) as follows

5= (371)71/3@<172)1/27 (1)
and
10 = (3,2)1/6 @ (3,1) 23 ® (1, D1 (2)

So we see that 5 @ 10 gives rise to a single generation of left handed fermions
in the Standard Model.

Problem 2: For an anomaly-free theory we demand that
tr{T*, T°}T° = 0. (3)

In this case, the matter fields carry U(1) charge @; and belong to representations
of the non abelian group G. The above requirement then translates to following
conditions:

¢« GXxGxG: Y, A(R;)de = 0.
(] GXGXQZ Z,LT(RZ)QZZO
e QxQxQ: Y .d(R;)g =0.

Problem 3: Using the free field expansion (55.11) for the vector field one
can easily prove

o <p7 ql FW(Z)Fpa(Z) |0> _ +86””‘)‘76He;,ppqgei(p+q)z. (4)

Multiplying both sides with g, /1672 and using equation (76.14) yields equation
(76.29).

Problem 4: We begin by noting the following useful identity

tr(T°T°T¢) = %iT(R) fabe + A(R)debe. (5)
The first term in (77.35) becomes
eMPotr(T0,(AL0,As)) = eP7tr(T°0,A,0,A,) (6)
= &7, AL0,AS tr(T°T"T°) (7)
= A(R)e"r?0,, AL 0, Acd™". (8)



Here we used the previous identity and also the fact that the term with feb¢
cancels because it is contracted with a symmetric quantity. Next, the second
term in (77.35) is the derivative of
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We observe that the first term can be completely antisymmetrized and therefore
vanishes by the Jacobi identity. In conclusion, we see that both terms in (77.35)
are proportional to A(R).

Problem 5: Starting from equation (77.7) we can arrive at equation (77.36)
by noting the following two identities

P79, tr(AyApAg) = 3P tr(9, AL ApAs), (9)
and
tr([A, AJJ[A,, As)) = A5 AD A AG tr ([T, T[T, T7) (10)
= — A% AD AC AL fobe £e49 tr{T°T} (11)
= —T(R) A} A} AG AZ fove fete. (12)

Using that the structure constant are completely antisymmetric, the second
identity implies that

"l tr([Au, Av][A,, As]) = 0. (13)
Hence we see that

1 1
EGNVPU tI'(FuVFpo) = Zepwpﬂ tr (8(NAV) - ig[AH’ AV]) (6(PA”) o ig[Ap’ AUD
2
— (HVPT g1 (@LA,,@,JAU - Sigau(AVApAU))

= P79, tr (A,,apAa - ;igAl,ApA(,)

Problem 6: As we mentioned in the first problem, the left handed Weyl
fermions of the Standard Model have the following quantum numbers

(1’ 2)71/2 D (1’ 1)1 D (37 2)1/6 D (37 1)72/3 D (3’ 1)1/3 (14)



We see that all the anomalies cancel

o 3-3-3:
0+0+2A(3)+ A(3)+A(3)=0
o 3-3-1: . 5 1
0+0+2-T(3)—=T(3)+-T(3) =0
6 3 3
° 2-2-1: ) )
—§T(2)+0+36T(2)+0+0:0
o 1-1-1
3 3 3 3
1 2 1
2(—-= 1 2( = -= =) =
(-3) +1+axz(g) +3(3) +3(5) -0
° 2-2-2:

This anomaly is zero because the 2 is pseudoreal.

(18)



