
Homework 6 Solutions

Problem 1: Both equation (19.5.18) of Weinberg and equation (83.12)
of Srednicki are the most general effective lagrangians for pions with exactly
two derivatives. Higher order corrections, either of the form (DµD

µ)2, . . . in
Weinberg’s formalism or (∂µU

†∂µU)2, . . . in Srednicki’s formalism will contain
more derivatives.

Hence, equation (19.5.18) of Weinberg and equation (83.12) of Srednicki have
to be related by a field redefinition. Using the well-known formula

eiπ
aσa/fπ = cos |π|+ iπ̂ · ~σ sin |π|, (1)

where we have rescaled ~π by fπ/2. Equation (83.12) can now be written as

tr
(
∂µU

†∂µU
)

= 2∂µ|~π|∂µ|~π|+ 2∂µπ̂ · ∂µπ̂ sin2 |~π| (2)

Starting from equation (19.5.18), the most general field redefinition is

~ζ = π̂f(|~π|). (3)

Demanding that the two effective lagrangians are the same, i.e

∂µ~ζ · ∂µ~ζ
(1 + ζ2/F 2)2

= 2∂µ|~π|∂µ|~π|+ 2∂µπ̂ · ∂µπ̂ sin2 |~π|, (4)

one can get the the following algebraic equationfor the function f

f2

1 + f2/F 2
= 2 sin2 |~π|, (5)

whose solution is

f2(|~π|) =
2 sin2 |~π|

F 2 − 2 sin2 |~π|
. (6)

Problem 2: The transformations of the fields ξa are given by equation
(19.6.18)

gγ(ξ) = γ(ξ′)h(ξ, g), (7)

where

g = ei(θ
V
a σ

a+θAa σ
aγ5)

γ = e−iξaσ
a

h = eiθσ
a

(8)
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for some θ(ξ, θV , θA). As in the case of SU(3) × SU(3) we get the analog of
equation (19.7.8)

U ′(x) = eiRaσ
a

U(x)e−iLaσ
a

, (9)

where La = θVa + θAa and Ra = θVa − θAa . One can now determine the transfor-
mation of ξ’s using the formula

eix
aσa = cos |x|+ ix̂ · ~σ sin |x|. (10)

For example for R = 0 we get

iξ′a =
iL̂a cos ξ sinL+ iξ̂a sin ξ cosL− i(ξ̂ × L̂)a sin ξ sinL√

1− (cos ξ cosL− ξ̂ · L̂ sin ξ sinL)2
(11)

and similarly for L = 0.

Problem 3:
a) Each Dirac field equals two left-handed Weyl fields and therefore the flavor

symmetry is U(2nF ). However, the U(1) is anomalous, leaving only a SU(2nF )
flavor symmetry.

b)The condensate is of the form

〈χαiχαj〉 = −u3δij . (12)

A general SU(2nF ) transformation χαi → Lijχαj leaves the above condensate
invariant only if L belongs to the SO(2nF ) subgroup. Hence, the SU(2nF )
flavor symmetry is broken down to SO(2nF ).

c) The number of Goldstone bosons is

dimSU(4)− dimSO(4) = 15− 6 = 9. (13)

d) The non anomalous symmetry if again SU(2nF ). In this case the con-
densate is 〈

εαβχαiχβj
〉

= −u3ηij , (14)

with ηij = −ηji. In this case the SU(2nF ) flavor symmetry is broken down to
Sp(2nF ) and the number of Goldstone bosons is

dimSU(4)− dimSp(4) = 15− 10 = 5. (15)

Problem 4:
For equations (83.13) and (83.37) the relevant interaction terms are

Lint =
1

6
f−2π (πaπa∂µπ

b∂µπb − πaπb∂µπa∂µπb +
1

4
m2
ππ

aπaπbπb). (16)
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The scattering amplitude with four outgoing momenta is

V abcd = f−2
(
δabδcd(s−m2

π) + δacδbd(t−m2
π) + δadδbc(u−m2

π)
)
. (17)

Problem 5: a) From (83.19) one can easily get

m2
π± = 2v3f−2π (mu +md)

m2
K± = 2v3f−2π (mu +ms)

m2
K0 = 2v3f−2π (md +ms)

m2
π0,η =

4

3
v3f−2π (mu +md +ms)±

√
m2
u +m2

d +m2
s −mumd −mums −mdms)

b) Expanding for small mu,d/ms we get

∆m2
EM = m2

π±m2
π0 = 0.00138GeV 2

muv
3f2π =

1

4
(+m2

K± −m2
K0 +m2

π0 −∆m2
EM ) = 0.00288GeV 2

mdv
3f2π =

1

4
(−m2

K± +m2
K0 +m2

π0 + ∆m2
EM ) = 0.00624GeV 2

msv
3f2π =

1

4
(+m2

K± +m2
K0 −m2

π0 −∆m2
EM ) = 0.00624GeV 2

c) mu/md = 0.46 and ms/md = 19.
d) Using equations (83.50)-(83.52) in (83.48), we find mη = 0.566GeV which

is 3% larger than its observed value, 0.548GeV .

Problem 6:
a) Requiring the coefficient of ∂µπ

9∂µπ9 to be 1
2 yields

F 2 =
1

9
(2f29 − 3f2π). (18)

b) Only the mass terms for π0, η, and π9 are different and one can easily get

m2
π = 4m

v3

f2π
, m2

η =
8

3
ms

(
f−2π +

3

4
f−29

)
v3, m2

π9 =
9f2π

4f29 + 3f2π
m2
π. (19)
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