Homework 4 Solutions

Problem 1 :
(a) The Lagrangian is:

S:/d4$ (‘i POV i — 2(@%)2), i=1,...N.

The model do not contain any irrelevant terms, and the model is renormalizable
by power-counting as written. However, a mass term is missing, and should be
added.Thus the Lagrangian with Z-factors is:

1 1
S = /d4a: (—22¢,au¢ia“¢i — §me2¢§ - ZZA(@@)?) , i=1,...N,

with (at leading order):

Zs(A) =1+ O(\?) (no correction at 1-loop),
Zm — 1~ A2, Zx(A) —1 ~logA.

(b) The Lagrangian is:
S = /d4x (—éﬁugba“qﬁ — %M%Q + (i — m)W + gqi)\IJ*yg,\I/) .

The model do not contain any irrelevant terms. However, additional terms
should be added to cancel all UV divergence. Assume the parity is conserved,
and ¢ must be a pseudoscalar field, say P~1¢(x,t)P = —¢(—x,t), when the
modified Yukawa interaction involves 5. Thus, polynomials of odd order of ¢
(i.e. ¢ and ¢3) are no longer need, and the Lagrangian with Z-factors is:

1 1 — - Z
S = /d4x (—QZ¢6M¢6“¢ - §ZMM2¢2 + U (iZgd — Zmm)V + Zggp U5V — ;4%4) ,
with (at leading order):
Zg(A) —1~loghA, Zy(A)—1~A%  Zy(A)—1~logA,
and
Zg(A) —1~logA, Z,(A)—1~mlogA, Z4(A)—1~logA.

The corrections of field strengths are reduced by imposing 525 11(k?) = —2, and
the correction to fermion mass should proportional to m due to chiral symmetry,
as Myenor. X M.



(c¢) The Lagrangian is:
5= /d% (-i 6 — %M%Q +T(id —m)W + g¢w) .

The model do not contain any irrelevant terms. However, additional terms of ¢
should be added to cancel all UV divergence, and since ¢ is a real scalar field,
any ¢" with n < 4 should be added, and the Lagrangian with Z-factors is:

1 1 _ _
S = /d4x( — 5260u00"9 — 5 Zu M6 + V(i 2l — Zwm) ¥ + Z,96 075 ¥

2393 5 LI\,
+Yo+ = 24¢>).

The UV divergence of conterterms are the same as in (b), and the additional
terms have:
Y(A) ~ A% Z3(A) -1 ~logA.

(d) The Lagrangian is:

S = /d% (—iFWF“” — (D¢) Dy — m2¢Te — Z(qsw)?) ., D, =0,—ieA,.

Here in d = 3, we have [¢] = [4,] = 3, and [g] = 1 with [¢] = 3. All terms

2 2
are relevant, and with respect to gauge-invariance, no additional conterterms

should be added. The Lagrangian with Z-factors is:
3 1 nv Nt 2 T qu T \2
S= | daw| -1 ZsFun " — Z1(D"¢)' Dy — m*Zpyd'¢p — T(¢ ?)° ) -

The Ward identities ensures no additional coefficients are needed for (D“gb)TD#gb,
thus at leading order:

Z1(A) — 1 finite at 1-loop, Z,,(A) —1~ A,

and
Z3(A)—1~A, Zy(A)—1 are convergent.

All diagrams are shown as in figure (1)



Figure 1: All loop diagrams.

Problem 2: Srednicki 78.1:
Starting with the R¢-gauge lagrangian in background field method:

1
2%

We care about the gluon and ghost vertices, which correspond to AA0A, AAAA,
¢0Ac and cAAc terms in the lagrangian. Note that the gluon lines A can corre-
spond to either A or A, and one can check section 72 for the vertices in normal
cases.

L=CLym(A=A+A) — —(D"A,) (D" A)® + Lynost. (1)

First consider the 3-gluon vertex. At most one gluon might be external,
and thus there should be some extra {—dependent contributions from Lgr. The
3-gluon vertex should be:

ivzlfp(ﬁ, q,r) = gfabc[(q —1)aGvp + (1 =D+ a/E)vgpu + (P —a—1/&)p9ur], (2)
where we denote the external lines with ”bar”.

For the 4-gluon vertex, at most two gluons might be external. The 4-gluon
vertex with one external gluon is unchanged from the normal case, since Lg¢



gives no contribution. If two are external, the vertex reads:
Vi, = —ig° [ [ (9pp9po — 9509p0)
+1 P (GaoYop — 9prGpo — GapTre/E)
+ 1% 1 (Gan9pe — IrpYoo + opdas/E)]-

The ghost lagrangian reads:
Lgn = —(D"0)"(Dpe)”, 3)

with D, = D,,(A), D, = D, (A). So that the gluon-ghost-ghost vertex (with
the gluon to be external) is:

iVE(q,r) = gf " (q+ 1) (4)

As for the gluon-gluon-ghost-ghost vertices, there are 2 possibilities:
ngf,Cd _ _ingacefbdegﬂm (5)
ngECd _ _ig2(facef6de + chefade)gﬂD. (6)

Problem 3: Srednicki 73.1
The calculations of the Z factors in this case are the same as for one abelian
scalar, except from some additional factors that come from group structure of
the vertices.
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Figure 2:

For Z; we need to evaluate the diagrams in figure and the result is

Z =1+ 30(R) - T(a) L1 )
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For Z5 we need to evaluate the diagrams in figure and the result is

3g% 1
Zy=1+C(R)=—=-—
2 + O )87r2 €
For Z3 we need to evaluate diagrams shown in figures @ and
The diagrams in figure contribute

1 g2
_ZT(R)=2—
3T (B,

while the diagrams in figure ([5)) contribute

) g°
-T(A)=—.
3 ( )8772
Combining the contributions we get
) 1 ¢* 1
Z3=1 -T(A)— =T(R) | =—-.
2=t (5T - TR) L

Following the general analysis of section (52)

o) = - (o - 37(m) L.




