Homework 2 Solutions

Problem 1 :

The calculations of the N flavor ¢* theory is very similar to what we did
in the usual ¢* theory, thus we will frequently use its result, which shall be
denoted with a subscript ¢.

(a) The propagator from flavor 4 to j is:

_ 5
Aij(k) = l<:2—|—mj2 — i€’

And the 4-pt vertex with labeling ijkl is:
iVijir = —2iA(0356k1 + 0015 + 03105k)-
The correction to the propagator thus become:
il (k%) = 2(8:;0m + 6ikd1j + 60 %) 0kaillo(k?) = 2(N + 2)illo(k?), (1)

where the extra factor of 2 coming from the absent of symmetric factor 2 com-
paring to N = 1 case. The Z-factors for propagators in MS scheme are:

2(N +2)X
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® +O0(%), + 1672¢

+O(N?). (2)
Similarly, for the vertex labeling ijkl at s-channel, we have:

ﬂ/{;‘kl = 2(6ij5mn + §im5j7L + 6in5jm)(5mn6kl + 5mk6nj + 5nk6ml)ivos (3)
=2[(N + 4)8;50k1 + 201015 + 252‘1(5]‘;“]’&"/6‘;. (4)
The extra factor of 2 also comes from the absent of symmetric factor 2 in the

loop comparing to N = 1 case. After summing the contribute from t- and
u-channed, the result for Z-factor is:
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The results of 8 and -, now are:
(N +8)N? (N +2)A
B = S () = (©

(b) At d = 4 — ¢, we find the equations for the WF fixed point is:

dm?

—eX+ B(N) =0, MW ;



which give:
8m2e
Ay = —, «=0. 7
(N +38) m (™)

(¢) This scalar field theory may be viewed as an effective description of
some statistical model. The massive field ¢ gives rise to a Yukawa potential
—e~ ™" /r, which is corrected in interacting theories by the renormalization flow
dlogm/dlog pn = v, ie. (m/mg) = (u = mug)’™ = (r/r0)~7™, where we have
taken the mass scale to be u = 1/r. Therefore, the corrected Yukawa potential
is fe(r/'f)wu, where v = %(1 — Ym) is the critical exponent and & = mggyré_m’
is the correlation length.

To obtain the critical exponent in d = 3 we can set ¢ = 1 (this is certainly not
small, but it seems to give good estimates in certain theories). Then:

1 N +38
v 2(1 - 77%()\*)) - N +14° (8)

Problem 2 : a) A term that respects the O(N) symmetry can be written
as dot-products of the vector ¢ and its derivatives. The only term that cannot
be written in this form is the last one. The other terms can be written as

1, - . - L.
5= [t (5(0%9): @)+ t0d -+ wl@- 9 ). )
b)As usual
to=ZZ,  u*t (10)
uy = ZuZ(;Q/fu (11)
vy = ZtZ;Q,uev (12)

In the second problem we saw that the linear term in the beta functions comes
from the powers of p in the above equations. More specifically, the coefficient
in front of € is equal to d minus the dimension of the corresponding operator.
Hence

Cc1 = 2, Cy = C3 = € (13)

¢) A fixed point is a solution of the set of equations

515 = 07 Bu = Oa ﬁv =0. (14)

Using the expressions for the beta functions we find the following solutions



2.t=0, u=0, v==5
3.t=0, u=g=, v=0,

(N—4)e
72N °

4.t=0, u= 55, v=
In principle there is mixing between operators with the sane scaling dimen-
sions. For this reason, the Z factor will be a matrix defined as

O} = 71103, (15)

Let M be the matrix that diagonlize Z%. Then the interaction terms in the
Langranzian can be written as

where the primes denote the diagonalized quantities. The scaling dimensions of
the diagonalized operators minus the spacetime dimensions are then equal to
the derivative of the beta function at the fixed point (see Peskin & Schroeder
pages 428-435).

A priori we don’t know which combinations of operators appearing in the
Lagrangian diagonalize the Z matrix so instead we have to diagonalize the
matrix

i _ 9B
HY = — 17
89-7 ’ ( )
whose eigenvalues h; satisfy

The first fixed point corresponds to the free theory. There is no mixing
between the operators and their scaling dimensions are

Ap,=c1=d—-2, A,=A,=d—c¢ (19)

For the other three fixed points there is mixing between the two quartic
operators and the scaling dimensions are

2)
Am:d72+§, Ay =d+e, Agzdfg, (20)
3)
N +2 N —4
A, =d—2 . Ar=d+te Np=d— 21
+N+86 1 +e 2 N+86 ( )
4)
2N -1 N -4
A, =d—2 3N Ay =d+e, Npy=d+ N © (22)
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Figure 1: These are the two RG-graphs depending on the value of N.

d) A fixed point is more stable is the there are no relevant operators at the
fixed point. That is because we have to tune less bare parameters in order to
end up at the fixed point at some lower energies. However, in problem we see
that the stability of the fixed points change for N = N, = 4. For N < 4 the
most stable fixed point (apart from the trivial one) is the third one and for
N > 4 the most stable fixed point is the fourth one.

e) The RG flow are shown in figure ().

Problem 3:

Srednicki 51.1:
Let’s focus on the fermion parts of the partition function. By £; = goVG¥
(here G for either 1 or iv;), we can write:

7 ~ exp [ig/d%”gﬁ(x) Gén(zx)} exp [i/d4xd4yﬁ(x)5(x —yn(y)],

on(x)
_5
10J(x)
Now, for the fermionic 1-loop correction to scalar propagator (check Fig. 51.1
for the corresponding Feynman diagram), we have (in position space):

where we have replaced with ¢(x), and suppressed all spinor indices.

<30(£L'1)Q0(£C2)>1_100p = i4g2(p($1)g0(1'2)51G5_152G(§2 : H/d4x2 ﬁzsxynyﬁzszwnw

- —i4g2<p(x1)cp(x2)H/d4xi61Gglﬁszyégnnggﬁsznw
= —gzgo(ml)go(xg)Tr(GSlgGSzl),

the minus sign coming from pulling G4, inside and acting on 7,7,. For high-
er order fermionic loops with more propagators, there are always a minus sign



coming from the first G0, and all the rest 6G¢ give plus signs. So we add an
overall minus sign for ever fermionic loop by hand when we do such calculations
directly from the Feynman diagrams.

Srednicki 52.2:
The method for calculating Z-factors are standard. First we focus on the scalar
propagator, the nominator of the fermionic loop integrand changes from Tr[S( [+
F)ivsS(])iys] into Tr[S(J + ¥)S(])]. Also, an extra ¢® loop should be take into
consideration. Thus the results are:
2 2,2 2
g 1 g‘m K
— Zy=14+—(A—24 —).
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Next we turn to the fermionic propagator. The removal of iys will change
the sign of mass at the nominator of loop integrand, after some calculations we
find the Z-factors are:

Zy=1-
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Similar replacements take place for the calculations of Z) and Z,. However,
changing ivys to 1 does not change the sign of the leading divergence in both
cases, and with the absent of any extra graphs, the results are:
2 4
g 3 16g
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One left Z-factor is from the loop correction to o> vertices. The result is:

Zy =1

3 ( 1Gg3m)
1672€ k7

Next, we turn to the calculations of beta functions and anomalous dimen-
sions. Since the result for Zy, Z,, Z) and Z, are the same, the following cor-

responding beta function and anomalous dimension results follow from Sec.52
and Problem 52.1, as:

Z, =1+
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Finally, using ko = ZKZ;3/2/]E/2/£, we find:

_ 6¢%k 4 3\k — 48¢°m
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and 2 2,2 2
39 1 9 g m K
= 3952 (49” — 24 Ve +2).




