QFT HW3 SOLUTIONS

PHY 610 QFT, Spring 2017
HW3 Solutions

1. (a)

0 0
5?8 g0 @)

So

/ d%x —

1
2
1
s /ddx ool (@) (0)
1
2
1
2

[t Zﬁaiga(xm 5/
Jev-

yd—2-2a 0 o
Letting y = x/A has shown us that we get the same action if A = %32, This should not be
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surprising. It is the engineering dimension that ¢ needs to have in order for S to be unitless.

Now that we know A, we may assume V' to be a power law and determine the exponent.

S = /ddxggo"(m)

s = / dzge’ (z)
= / dia AR (x/N)
= / diy TR (y)

We now have n = 4 = 24 In two dimensions, the allowed potentials with classical scale

invariance are essentially arbitrary.

(b) The identity transformation corresponds to A = 1, so we perturb around this.
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The part proportional to 6\ is of course d¢ so this is one thing that we plug into the conserved

current expression. The other is the total derivative into which £, varries. From above,
1
Ly, = —5(1 + 002790, 0(2(1 — 5N)) 0 p(x(1 — )
d—2
= Lo+ ?JA@L@@% + 6A0, (2" D) 0*
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Now reading off K, we have
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1
= —8“@% - ix“&,wa”ap

1
= 0"p(Ap+2"0,p) — 5%”@@”@

2. We are to take the magnitude of (7.10). First, for real f(t), note that f(—F) = f(E)*, so
T 2
‘2 - 7(B)|

’<O|O>f R o 2m —E2 +w? —ie

=exp —Im/OO dE )f(E>‘2

oo 2m —E? 4+ w? — e

=oo (- [ 1| prra)

Now, notice that as € — 0, ¢/((—E? + w?)? + €2) is an increasingly sharper function of E?, peaked at

E? = w?. The area under the graph is
dE? ‘ =
/ CEZ+w?)2te

independent of e. This means that

. € _ 2 2y _
liy o~ OB ) =

T
2w

(0(E —w) +6(F +w)).
We therefore have

‘2 ’f(w)f

- P 2w

|(0/0),

3. We will act with —92 + m? on the explicit expression for A(z — z’). Since plane waves are annihilated
by the Klein-Gordon operator, we only need to consider terms where at least one derivative acts on
0(t —t') or 6(t' — t). Therefore,

(=07 +m®*)A(z — 2') = — [i020(t — t')] /cfke““(x‘l'/) — 2i[0,0(t — )] /kaikeik(x—z/)
—[10z0(t' — t)] / dke~*@=2) _ 2i9,0(t' - t)] / dk — ike~tk@—2")
=i[070(t —1')] / dke*@=2") 4 j[20(¢' — 1)) / dke— =)
+2[0:0(t — t')] /kaeik(z*w’) —200,0(t' —1)] /d"kwefik(xfm’)

In the second step, we have used the fact that the functions being differentiated only depend on time.
We may now use the identity 0,0(t —¢') = §(t —t') = —9,0(t' —t). If there are two time derivatives on
6(t —t'), the second one is handled by partially integrating. This tells us that

339(:&:(15 7t/)) /deeiik(CE—z’) _ Z§(t N t’)/d‘kweiik(ziajl)
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Substituting this into our expression,

(02 +m2)Alz — ') = — 5(t — ) / (M=) 4 g=ika=a)) 4 95(¢ — ') / dheo(HE—) 4 gmikla=2))

d°k S
:(5(t_t’)/2(2ﬂ)36—2w(t t') 1k(z z)_i_ew(t ') —'Lk(z )

1 ; ’ . ’
_ N S3(m R —iw(t—t") iw(t—t")
o(t—t")o6° (% x)Q(e +e )
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4. We know how to evaluate (0|[¢o(z), ¢o(y)]|0) from the scalar field mode expansion. The exponential
eih(T-7) may be turned into eiF(@=9) with a k <> —k substitution. Exponentials with time components
however remain unaffected by this. This leads to the expression
dgk ik (F—1 ; o_,0 : 0_,0
ik(Z—9) ( iwi (27 —y") | p—iwk(z -y ))
/ Drn (278 e e +e
Multipyling this by a Heaviside function determines which propagator we are evaluating. We will
consider the advanced propagator 6(2°—3°)(0|[¢o (), ¢o(1)]|0). We know that a function with e+ (=" =v") /2.,

—iw(wo—y )

€ -—. If C'is a contour encircling the two poles,

residues is f(w) = “—5—
k

dwd? k 0_ 0\, (= 1
0(a =) 000(a). do)l0) =0(a — ) | [ Gttt

//dwd?’kz " »
w2 - w,%

B dkod? k ke ) i
=06 =) // —kZ + k2 + m?

To replace the C integral with a —oc to co integral, we need to close the contour with a path where f(w)

2 _ 2
w Wi

vanishes: we need to decide whether to go up or down. Since 2° — y° > 0, negative imaginary values
of w are what cause f(w) to decay. We therefore close down which allows us to change the integral and
drop the Heaviside function. Also, we notice that this picks up a sign for being a clockwise integral.
We arrive at

/ d k4 elk(i ) —1 _
U —(ko +12€)* + k< +m
(2m) (ko + i€)2 + k2 2

The kg poles have been shifted into the lower half plane so that they remain strictly within the contour
we have drawn. The retarded propagator calculation goes the same way and results in a —i¢ in the

final step.

5. Writing a path integral with the suggested source term,

Z[J, J1 :/quexp -i/d4x8M¢T3“¢—m2qu¢+ JTo+ Jgﬂ
:- d4k d4k/ / 7 (1.0 T (1.0 T /
= [Doesp i [ gt = (4 + m3 (R30K) + T ()30H) + 7)1 (1)

|
—
3
©-
@
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T

-- d*k 7t(1.2 2\ 7 7t 7 i1
/(%)4 — ¢ (K> +m )¢+JT¢+J¢T}
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We must now complete the square using the following change of variables that has a Jacobian of 1.

J(k)

- - jt
() = 96) — 2 ) = ) -

k2 +m?2

Plugging this in,

f d*k
Z[J, JT] f (2#)4 k2’+7fb /Dxexp{ / pE XT(k2+m2)X

f JtJ
(271')4 ®24m?2

The path integral that this multiplies has been set to 1 because it is nothing but the vacuum to vacuum

amplitude. Inserting an ie for causality and Fourier transforming back, Z[J, J{] = ¢ [ d'd"vJ (@) A@-v)J (),

Using the fact that J sources ¢ and vice versa,

i ozt

(01T (1) ... ¢ (1) .. |0) = 0t (z1) 6T () J=J1=0

This is one of the nice things about path integrals. They give us time ordering for free. From this it
follows that

(0]Tp(w1)¢(22) ... |0) =0
(0T 9T (x1)¢1 (2) .. .[0) =0
(0|T¢(21) 0T (22) . ..[0) = — iA(z1 — x2)

After all, if we only differentiate with respect to one source, the other one will still be multiplying
everything at the end. Because of this, any correlation function of the charged scalar fields needs to
have an equal number of ¢ and ¢ insertions to survive. Decomposing into two-point functions where

there is always one of each, Wick’s theorem becomes

(OT (1) ... ()t (1) .. 6 (yn)[0) = ZHA ~ Yo (i)

o€S, i=1

. We are to explicitly evaluate the Feynman propagator in position space, which in our metric conven-
tion is

d4k —i —ikx
DF((L'70):/(27T)4 el

Let us first perform the k¥ integral. (The following discussion is essentially identical to that of
Schwartz, p. 76, but going backwards.) Writing the denominator as —k2 + k2 + m?2 — ie = — (ko +
Vk2 +m? —ie) (ko — V'k2 + m? — i), we see that there are two simple poles at +v/k2 + m? — ie, one
with positive real part and displaced slightly below the real axis, and one with negative real part dis-
placed slightly above the real axis (see fig 6.1, p. 76). We wish to use the residue theorem of complex
analysis to perform this integral. For z° > 0, the exponential factor e~** becomes small when kg has
large imaginary part, so we can close the integral in the upper half plane. This means we pick up the
residue of the pole at kg = —V k2 4+ m2 — je. Conversely, for 29 < 0, we have to close the integral in

Page 4 of @



QFT HW3 SOLUTIONS

the lower half plane, picking up the residue of the other pole (as well as a minus sign for a clockwise

contour). Thus

ddk 0 ie*iEffixO\/szrmzfie 0 Z‘efil_c‘f+ixo Vv l;2+m27i6
De(,0) = [ s | 00— (=) (i)
(2m) 2V k% +m? —ie 2V k2 +m? —ie

d3]€ efil_c‘ffi|xo| k24m2 —je
=/ oy e e
In 3+1 dimensions, the angular integral can be performed easily, since there is conveniently a sin ¢ in

the measure to go with the e~%7 <> in the integrand:

1 e—ikx cos 9—i|:v k24m2—ie

o 1
Dp(x70):/ k*dk — | dcos®
0

872 J 4 V2 +m2 — e
B /OO i k2 ila" |V k2 Hm2—ic sin(kx)
0

4727/ k2 + m2 — e ka

This expression is actually a Bessel function. (Bessel functions are solutions to Laplace’s equation.)

‘|

One way to see this is to invoke Lorentz invariance to simplify the integral. For timelike separations
z, rotate to a frame where z# = (z°,0), so that the sin(kz)/kz factor in the integrand becomes unity.
Then,

0o k267i|x0|\/ k24m2—ie
DF(I,O) :/ dk =
0 472\ k2 +m? — ie

2 oc0—1€ )
:% dy Vy? — 1 +ie emimleCly
T J1—ie
m 1 . .
:87r|x0|H£ )(m |2°|), (timelike)

where on the second line we have changed variables to y = v/k? + m? — ie/m, and on the last line we
have used the following integral representation for the Hankel function H, M

2(—a/2)” coie _
H<1>:_—/ a2 Y2 Rw) > 1/2,a > 0,
v et ), ¢ ’ )= /%0

Meanwhile, for spacelike separations z, rotate to a frame where z* = (0, Z), then

> ksin(k
Dp(z,0)= [ dk sin(kz)
0 422V k2 +m? — e
m .
= Ky (mz), (spacelike)

where we have used another integral representation of the modified Hankel function K, (a) = i**! (7 /2) H, m (ia).
Note that K is simply H; atimaginary arguments (up to some constant factors), so this spacelike case
could have been obtained from the timelike case by analytic continuation.

Finally, for lightlike x, notice that, writing 2isin(kx) = ¢?** — ¢~ the numerator of the integrand

. . —1 — 0 Lkx . . g
consists of the exponentials e iwgla”|£ike \vhich, since a#z, = 0, approaches 1 as ‘k’ — 0. Therefore,

Bessel functions satisfy a wealth of identities. For more information, see eg. Arfken and Weber’s Mathematical Methods for

Physicists.
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at large k, the integrand is of order 1, so Dg(x,0) diverges. Since this is an ultraviolet divergence, we

can compute it in the massless limit (ie. consider the region with m/k < 1). Then

_ —1 oo —ik( of_ ) —ik( 0+ )
DF(x,o)\m:o—Swzx/o dk (e~ * (2’ [=2) _ gmik(|a"|+))

—1
:&T—x(é(a: —|2°]) = 6(z + [2°]))
—q . .
256@“@"“). (lightlike)
Putting this all together, and restoring Lorentz invariance, the final result for the Feynman propagator
is
m

m
8wV —x2 472/ 22

In the timelike region, H 1(1) is an outgoing wave, while in the spacelike region, K is exponentially

Dp(z,0) = 6(—2?) HY (my/—22) + 6(2?) Ki(mVa?) + ;—;5(952).

decaying.? This is indeed what we expect for a solution to the wave equation.

In the m? — 0 limit, using the Bessel function asymptotics K;1(z) = 1/z + Ol[z], H {1)(2) = —2i/mz +

O]z], or by computing the integral form of Dy directly, we obtain the conformal propagator

1
 4An2(22 +ie)’

Dp(z,0) = 5(z?)

422 + Am
where the useful identity 1/(a + i€) = p.v.1/a — imd(a) of distributions has been used.
For the advanced Green function with m = 0, we have A4, (2) = 0if 29 < 0.

For zg > 0,

Bk g [ AR e~ thoto
D - v ik b
adv(x)lmfo / (2m)3 € / 27 (ko + wi +i€)(—ko — wi + i€)

d?)]€ ik e—iwkmo _ eiwkmg
€ i ]
(27T) ka
:/ d*k pike sin(kxo)
(2m)3 k
_ /°° k2dk — sin(k|x|) sin(kzo)
o 2m? k|| k

1
8m2x
_0(z + z0) — 6(]x| — o)
drx

1
=— %5(x”xu).

/oo dk(eik\z\ _ e*ik\ml)(eikmo o e*ikmo)
0

7. The idea is to compare two methods of computing the commutator [p(x), ¢(y)]; using canonical quan-
tization and the Lehmann-Kéllén exact propagator. It is straightforward to show that, using canonical

quantization, we have at equal times

Zole(x),¢(y)] = [p(x), M(y)] = i6°(x —y).

2 A useful mnemonic for the asymptotic behaviors of the Bessel functions is that .J behaves like cos, N like sin, H(}) = J +iN like
e and H®?) = J — iN like e~ %*. Then K (z) ~ H(1) (iz) is exponentially damped and I(z) ~ H(?) (iz) grows exponentially.
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Meanwhile, take the y° derivatives of (13.12), (13.13) to obtain, at equal times,

&’k - : > &k = .
Ole@pe)o) = | Wm0 [ s [ 72 4 seite)
m?2

(27)32V k2 + m? 4 (2m)32V k2 + s
:%53()(_ y) (1 +/4 . p(s) ds) .

o

Hence

Olfp(o). 0 = i6x ) (14 [ ots)as).

m?2

and comparing the two expressions, we conclude that

Z, = <1 +A:2 p(s) ds>1.

The Lehmann-Kaillén exact propagator yields an easy way to compute the wavefunction normaliza-

tion.
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